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^jy We study Faddeev formulation of gravity, in which the metric is composed of 

vector fields or the tetrad of the ten-dimensional fields, /jr, where A = 1,2,3,4 
' and A = 1, . . . , 10 is vector index w. r. t. the Euclidean (or Minkowsky) ten- 

: 

. dimensional spacetime. We propose representation of the type of the Cartan-Weyl 
00 ■ 

' one. It is based on extending the set of variables by introducing the infinitesimal 

. SO(10) connection. Excluding this connection via equations of motion we re- 
produce the original Faddeev action. A peculiar feature of this representation 

■ is occurrence of the local SO(10) symmetry violating condition so that SO(10) 

^ \ symmetry is only global one in full correspondence with that the original Faddeev 

hi . 

formulation just possesses SO(10) symmetry w. r. t. the global SO(10) rotation of 
the Euclidean ten-dimensional spacetime. We also consider analog of the Barbero- 
Immirzi parameter which can be naturally introduced in the considered represen- 
tation. 
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1 Introduction 

For simplicity, we consider the case of the Euclidean signature. Faddeev has considered 
[l]-[4] a set of ten 4-vector (or four 10-vector) fields f\. Here Greek indices A,/i, . . . = 



1, 2, 3, 4, Latin capitals A, B, . . . = 1, . . . , 10. The metric tensor is 

5V = fxf/iA- (1) 

The Latin capitals label coordinates of an Euclidean ten-dimensional space. The Greek 
indices label the indices of the four world coordinates and can be raised/lowered in the 
usual way with the help of the metric tensor. The value is introduced, 

= f\f/iA,v, tfxv = g Xp Qp,nv, (2) 

which has the same transformation properties at diffeomorphisms as connection does. 
The comma in indices usually means derivative, f^u = d u f P A, with exception of special 
definitions like VL\^ U and torsion and curvature just below. The torsion is 

7a,[H = Sl\,nv - T { x u] = g Xp T P:[fll/] . (3) 

The curvature tensor is 

S x = Q x -Q x + Q x Q a - Q x Q a (4) 



or 



^p,vp — n (fA,vf/J.B,p fA,pfnB,u), 
pA rB f A pB 



or 



where 



S\p, U p — ^-AB(f\^f^p - f\ yP fp,u) (5) 



S\p,u P = K u b A pp - Kp^Apv (6) 



TIab = S AB - flfxs (7) 

is projector onto the directions in the ten-dimensional space orthogonal to subspace 
spanned by the four 10-vectors at the given point ("vertical"directions) and 

bi = K AB fxB,p. (8) 

The action is 

/ Cd'x = J g^g^S^^x = J Tl AB (f x J^ - ( 9 ) 
The variation of action is represented as 

5 J Cd 4 x = 2 J (H x ,f A + U AB V X B )5f XA d A x. (10) 
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Here HabV x b are vertical and H Xfl f^ are horizontal components of the variation w. r. 
t. f XA . The calculation gives 

V XA = h\ A T{ M + b\ A T( M + \f vA % x] . (11) 

The equations of motion V\a = give = almost everywhere in the infinite- 

dimensional configuration superspace whose points are functions f^(x),x G R 4 . Then 
the connection Q\^ u is Riemannian one the curvature tensor is Riemannian 

one FL^ yp and the ten independent components of the horizontal part of the equations 
of motion coincide with the Hilbert-Einstein equations. 

Let us compare this formulation with the Cartan-Weyl form of the gravity action 
for the usual tetrad (4x4 matrix). The action is 

S = J ey k R^ ik ^gd 4 x, R x j k = d x u ik - d,u\ k + (u x u, - u,u x ) ik , 

9\v = e\e»i, i,k,l,... = l,...,4. (12) 

The tetrad e\ can be considered as a particular case of the above j\ such that j\ — 
at A > 4. The equations of motion for the connection oo lk lead to 

^Mk^t = ^{T^,[xu] + T U ^ X ] - T\,[ vt i])- (13) 

Here again 

T Xt[H ^e\{e^ v -e vi ^). (14) 

But now Tx^v] = means zero curvature R XfJ , tk , therefore nontrivial case requires 
Tx,\pv] 7^ 0. So we can compare both formulations in the following table. 



^^-^formulat ion 
variable 


Cartan-Weyl 


Faddeev 


tetrad 


= at A > 4 
(originally) 


f^O at A > 4 


torsion 


T x , [H ^ 


t a,[H = 
(on eqs. of motion) 



It is seen that both formulations are in a sense mutually dual: a variable that is zero 
in one formulation is nonzero in another one, and vice versa. This is emphasized by 
the fact that the number of independent variables is the same in both cases: 4 x 10 = 
40 components of f£ on one hand and 4 x 4 = 16 components of e\ plus 4x6 (the 
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number of antisymmetric pairs ik) = 24 components of u\ k , or again 40 on another 
hand. Therefore it is interesting to ask whether the formulation exists which in a sense 
contains these both. The formulation of interest should generalize these both and result 
in that one of interest under appropriate additional conditions. Faddeev formulation is 
already quite general one for it corresponds to f A ^ at A > 4 and Tx^ v ] ^ from 
the very beginning. As for the Cartan-Weyl formulation, it still admits generalization 
to such set of variables by simply generalizing the tetrad. To this end we rewrite the 
action (12) by extending the region of values of the local vector index, 

S = J fMidxuf - d,u AB + (u x u, - uj,u x ) ab ]^x. (15) 

Here u x B is SO (10) infinitesimal connection. 

2 Cartan-Weyl action for SO(10) 

We can perform the gauge transformation of the local frames which forces f\ have 
nonzero components only at A = 1, 2, 3, 4, i. e. have the sense of the usual tetrad. The 
equations of motion (18) below can be satisfied by U\ab having nonzero components 
only at A, B = 1,2,3,4. Thus, the action (15) can be reduced to the Hilbert-Einstein 
one just as the Cartan-Weyl action (12). For what follows, however, it is of interest to 
get the same result without partial gauge fixing for f\. 

The action (15) depends on uj\ab only through horizontal projections of uj\ab over 
one of SO(10) indices, UxbaI^- This is evident for the bilinear over u terms in (15). 
As for the terms with derivatives, we write, e. g., 

timtof = d x {f\r B uf) - uf{d x f\)r B - uff x A o x r B . <i6) 

Here RHS contains U\ab just in the form UxbaI^- 

In turn, decompose this horizontal projection into the horizontal and vertical com- 
ponents over the remaining SO(10) index, 

uxbaI^ = h x ^fl + v Xi j,a, Ii AB vx^ B = v^- (17) 

Evidently, h Xf ,u = -h Xvf ,- 

Varying the action (15) w. r. t. we get the eqs. of motion for u, 

U X aF C - f XC tt)^CB -{A«B) = 4= - fMyffi- (18) 
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First, let us take vertical components of both sides of this equation (w. r. t., say, index 
B) and substitute the expansion (17) for ujxab here. This gives for the vertical part of 
the connection 

< = n AS W = tf y (19) 

Substitute the found back to (17) and to (18). This gives eqs. for hxp U , 

fX^fs - t A K\r B -(a^b) = m llBC f^ - m llBC f% -(a**b) 

(20) 

Here H\\ab = &ab — ^-ab = f A fxB is horizontal projector. Taking into account that 

In = (21) 

and lowering A, we get 

/1/b(Va + Kx» + <?aA - 9uxK) = fAf v B {T UM + gx^T v - g uX Tp). (22) 

Here h\ = g^h^x, T\ = g^T^xy The system is equivalent to a smaller number of 
independent components, 

h^x + K\fi + gxyhv - guxh^ = T x \ v ^ + gx^Tu - g^xT^, (23) 

and has formally the same solution for hxp V as Cartan-Weyl formalism for Uxik^^t 
(13), 

hx»u = ^{T^ixv} + T v,\pX] - T x,[vn])- (24) 
The curvature tensor for the connection ojxab 

RxfiAB = dxidfiAB — d^UJxAB + (w\Wn — ^^x)aB (25) 

being horizontally projected over both SO(10) indices, i. e. Rx^ABf^fp does not depend 
on ujxab at A > 4, B > 4. It depends only on ooxBAfp ■ This follows upon rewriting the 
terms with derivatives like (16). This gives 

fuAf P Bdx^ B = dxh^p + h^pST v x — hp Ua VL a p x + S uP) xp,- (26) 

Here S uPt xp (5) arises from the vertical part VxpA of the connection uJxBAfp ■ Also we 
find for the bilinear in u part of the curvature tensor that 

{uxUp — UpUx) AB fuAfpB = —hxuahp P a + hp Ua hxp G — S uPt xp- (27) 
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Again, the last term here is due to v\^a- In overall, 

Rxp fuAfpB = d\hp Up — dph\up + h^vuhxp — h\ ua hpp 

\U QO- L QCT i 1 QCT 1 QCT 

T' l \ipo^ L vX > b Xpa* L up, ' ll \v<j ic ' pp < i pva^ L p\ 

+S up ,xp,, (28) 
where the last term is due to V\^a- Using the identity 

h\p U = &u,px — ^v,p,x (29) 
in eq. (28) and taking into account that 

d\Qp t vp dpVtp V \ -\- Vta^ppVt v \ ^X a p\^l V p S U p t \p (30) 

we see that the last term is canceled, and we are left with the Riemannian curvature 
tensor 

RxpABfvAfpB = 9p(r{^1x,p^ r^ A +r^r^ A — r^ A r^j = g pa Rupx = Rv P xp = Rxpv P (3i) 

and, in particular, with the Hilbert-Einstein action 

/ RipfAfM^x = J R^d 4 x. (32) 

3 Representation for the Faddeev action 

Important point in the above derivation is occurrence of the Faddeev action for gravity 
(9) as contribution to (32) from the vertical components of Waba/^- The contributions 
of the horizontal and vertical components of iO\BAfp to (15) do not mix. Therefore eqs. 
of motion for U\ab can be written separately for the horizontal and vertical components. 
So to get purely Faddeev action we could impose conditions requiring vanishing the 
horizontal components of U\BAfp - Taking these into account with the help of the 
Lagrange multipliers we can write out the representation for the Faddeev action a la 
Cartan-Weyl as 

S = J [< B H + Af^]/^^. (33) 

Here are the Lagrange multipliers. This action possesses the global SO(10) sym- 
metry but not local one (due to the A-term). Note that redefining variables via scaling 
f^g 1 / 4 = f\ makes the action polynomial one. 



4 Barbero-Immirzi parameter 

Some natural generalization of the considered representation can be made. It is analo- 
gous to generalization of the Cartan-Weyl form of the Hilbert-Einstein action (12) via 
adding a term to it which vanishes on the eqs. of motion for connections [5, 6], 

J ey k R x ;\u)^x =► J (e x e» k + ^ e x ^e uz e pl )j R x , ik (u)^gd 4 x. (34) 

Here 7 is a constant known as Barbero-Immirzi parameter [7, 8]. This can be immedi- 
ately transferred to the considered SO (10) case (33), 

S = J (f\f B + ^jf^Ul^ Ri*(u)^gd 4 x + J K\ M ^ B f x A f B ^x. (35) 

Let us exclude uj\ab- Applying variation Tl DB 5 / 8uj x b to action we get the eqs. of 
motion 

\ (36) 



= -Lu DB d, 

V9 



UM- fBt A )Vg + -^ vp Uf P B 
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Solution for uj\baJ p is the same as in the above case 1/7 = and is v Xp a (19) found 
above, 

oW* = nw£v (37) 

Substituting this back to (35) we find the action 



Jcd 4 x = Ju AB 



(/a,a/b,/i fA,nf]3,\)V9~ —e X ^ f 'f\A,nftiB,p 
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d 4 x (38) 



= / g Xl/ g^S^ up ^gd 4 x + e x ^S Xp , up d 4 x (39) 

which modifies (9) by adding a parity odd term. 

Finally, write out the vertical components of the eqs. of motion for (38). Applying 
variation Uab^/SIb to action we get 

*V*M + ^xaT^ + W vA Tfa + ^(9xa9 KT - MjftV^H = 0. (40) 

This is modification of the above V\a = with V\a given by (11). This modification 
seems to be not qualitatively crucial, and these equations still give Tj^ = almost 
everywhere in the infinite-dimensional configuration superspace. Then again the cur- 
vature tensor S x vp is Riemannian one R X )Vp . The second term in (39) is identically zero 
by properties of the Riemannian tensor, and we are left with purely Einstein action. 
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5 Conclusion 

Thus we have studied the first order representation of the Faddeev gravity action 
in terms of the connections as additional variables. In this representation the action 
is polynomial. After excluding connection variables via equations of motion, we get 
genuine Faddeev action. The considered representation is analogous to the Cartan-Weyl 
form of the Einstein gravity action, now with gauge group SO (10), but is invariant only 
under the global SO(10), not under local one. Also we have studied the analog of the 
Barbero-Immirzi parameter considered in the literature in the Cartan-Weyl form of the 
Einstein gravity action. The analog of this parameter for our case defines a coefficient 
at certain parity-odd expression added to action in our representation. After excluding 
connection variables via equations of motion we get Faddeev action plus some parity- 
odd contribution. In turn, upon partial use of the equations of motion which reduces 
Faddeev action to the Hilbert-Einstein one, the parity-odd contribution vanishes, as it 
does in the case of genuine Barbero-Immirzi parameter. 
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